
Oops All Algebra: Homework IV

Mathcamp 2025

Problem 1 (recommended). Complete the proof that equivalence defines an equivalence relation on the set of mor-

phisms from 𝑥 → 𝑦 in a quasicategory C.

Problem 2 (recommended). Verify that the one-truncation 𝜏1C of a quasicategory C is a category. In particular,

convince yourself that composition is well-defined and associative.

Problem 3 (optional). Find a quasicategory C which is not isomorphic to the nerve of a category.

Problem 4 (optional). Convince yourself that there is a bijection

Cat1 (𝜏1C,D) � Cat(C, 𝑁D)

for any quasicategory C and category D.

Problem 5 (optional). Given a simplicial set 𝑋 and zero-cells 𝑥 and 𝑦, let Map𝑋 (𝑥,𝑦) be the simplicial set with

Map𝑋 (𝑥,𝑦)𝑛 = {𝑓 : Δ𝑛+1 → 𝑋 : 𝑓 (0) = 𝑥, 𝑓 (𝑛 + 1) = 𝑦}.

(a) Define the face and degeneracy maps on Map𝑋 (𝑥,𝑦), and convince yourself that they satisfy the simplicial

identities.

(b) Describe Map𝑋 (𝑥,𝑦)𝑛 more explicitly in the case where 𝑋 = 𝑁C is the nerve of a category.

(c) Convince yourself that a morphism 𝑓 : 𝑦 → 𝑧 in a quasicategory C induces a simplicial map 𝑓∗ : MapC (𝑥,𝑦) →
MapC (𝑥, 𝑧). Convince yourself that a morphism 𝑔 : 𝑧 → 𝑥 induces a simplicial map 𝑔∗ : MapC (𝑥,𝑦) →
MapC (𝑧,𝑦).

(d) Convince yourself that, if𝐶 is a quasicategory, thenMap𝐶 (𝑥,𝑦) is a quasicategory. (In fact it is a quasigroupoid,
but this proof is outside our scope.)
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