Category Theory from Scratch: Sums Worksheet

Mathcamp 2025 - Della Hendrickson & Riley Shahar

We have now defined a sum:

Definition 1. Let x and y be objects in a category C, and let z be an object with mor-
phisms i, : x — zand 1y, : y — z. We say (z, Ly, ty) is a sum of x and y if, for any object w
with morphisms f : x — wand g : y — w, there exists a unique morphism /4 : z — w such
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Our goal in this worksheet is to work out some properties of this definition. Z‘/\
Problem 1. Describe what a sum is in as many categories as you can. y I
. . . . . . . x
Problem 2. In this exercise, we will prove that sums are unique up to unique isomorphism. l \
(a) Prove that, if (z, 1y, 1,) and (2/, &, l’y) are sums of x and y, then there is an isomorphism f : M - \ 2

z — 2z’ such that . = f o1y and 1j, = f o 1,. We are therefore justified in writing z or 2z as
x+y.

(b) Prove that if f and g are isomorphisms satisfying this property, then f = g.
Problem 3 (optional). In this exercise, we will prove that the sum is commutative.

(a) Prove that, for objects x and y, there is an isomorphism

yxly:x+y;y+x.

(b) Prove that y, , commutes with the inclusions, in that \L \
Yy Olx =i and  yyy 0ty =1y (1) Xty 5> y+x

Warning: the 1, on the left is a different map from the i, on the right! The former is inclusion from y + x, while
the latter is inclusion from x + y.

(c) Prove that y, , is the unique isomorphism satisfying Eq. (1).

Problem 4 (optional). In this exercise, we will prove that the sum is associative. We are thus justified in writing
either (x +y) +zandx+ (y+z) asx +y + z.

(a) Prove that, for objects x, y, and z, there is an isomorphism
Oxyz (x+y)+zl>x+(y+z).
(b) Prove that ay,, ., commutes with the inclusions, in that
O,z O bty O bx = byy  Oxyz Olxty Oly = lypz 0Ly, and @y yz O Lz = Ly O L. (2)

(c) Prove that y, , is the unique isomorphism satisfying Eq. (2).
Problem 5 (optional). Show that, if f : x — x’ and g : y — y’ are morphisms, then there is an induced morphism

f+g:x+y—ox' +y.



